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Abstract
A lower bound is obtained for the greatest possible number of colors in an
interval colourings of some regular graphs.
Let G = (V,E) be an undirected graph without loops and multiple edges [1],
V (G) and E(G) be the sets of vertices and edges of G, respectively. The degree
of a vertex x ∈ V (G) is denoted by dG(x), the maximum degree of a vertex
of G-by ∆(G), and the chromatic index [2] of G-by χ′(G). A graph is regular,
if all its vertices have the same degree. If α is a proper edge colouring of the
graph G [3], then the color of an edge e ∈ E(G) in the colouring α is denoted
by α(e,G), and by α(e) if from the context it is clear to which graph it refers.
For a proper edge colouring α, the set of colors of the edges that are incident
to a vertex x ∈ V (G), is denoted by S(x, α).
A proper colouring α of edges of G with colors 1, 2, . . . , t is interval [4],
if for each color i, 1 ≤ i ≤ t, there exists at least one edge ei ∈ E(G) with
α(ei) = i and the edges incident with each vertex x ∈ V (G) are colored by
dG(x) consecutive colors.
For t ≥ 1 let Nt denote the set of graphs which have an interval t-colouring,
and assume: N ≡
⋃
t≥1
Nt. For G ∈ N the least and the greatest values of t, for
which G ∈ Nt, is denoted by w(G) and W (G), respectively.
In [5] it is proved:
Theorem 1. Let G be a regular graph.
1) G ∈ N iff χ′(G) = ∆(G).
2) If G ∈ N and ∆(G) ≤ t ≤W (G), then G ∈ Nt.
[6] and theorem 1 imply that for regular graphs the problem of deciding
whether G ∈ N or G /∈ N , is NP -complete [7,8].
In this paper we will consider regular graphs G = (V,E), where
V (G) =
{
x
(i)
j | 1 ≤ i ≤ k, 1 ≤ j ≤ n
}
,
E(G) =
{(
x
(i)
p , x
(i+1)
q
)
| 1 ≤ i ≤ k − 1, 1 ≤ p ≤ n, 1 ≤ q ≤ n
}⋃
⋃{(
x
(k)
p , x
(1)
q
)
| 1 ≤ p ≤ n, 1 ≤ q ≤ n
}
, k ≥ 3.
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It is not hard to see that ∆(G) = 2n. Let R (n, k) be the set of all those
graphs.
In [9] it is shown that if G ∈ R (n, k) then
χ′(G) =
{
2n, if n · k is even,
2n+ 1, if n · k is odd.
Theorem 1 implies:
Corollary 1. Let G ∈ R (n, k) . Then:
1) G ∈ N , if n · k-is even;
2) G /∈ N , if n · k-is odd.
Corollary 2. If G ∈ R (n, k) and n · k-is even, then w(G) = 2n.
Theorem 2. If G ∈ R (n, k) and k-is even, then W (G) ≥ 2n+ n·k2 − 1.
Proof. Let
V (G) =
{
x
(i)
j |1 ≤ i ≤ k, 1 ≤ j ≤ n
}
,
E(G) =
{(
x
(i)
p , x
(i+1)
q
)
| 1 ≤ i ≤ k − 1, 1 ≤ p ≤ n, 1 ≤ q ≤ n
}⋃
⋃{(
x
(k)
p , x
(1)
q
)
| 1 ≤ p ≤ n, 1 ≤ q ≤ n
}
.
LetG1 be the subgraph of the graphG induced by the vertices x
(k)
1 , x
(k)
2 , ..., x
(k)
n ,
x
(1)
1 , x
(1)
2 , ..., x
(1)
n . It is clear that G1 is a regular complete bipartite graph of the
degree n. Therefore χ′(G1) = ∆(G1) = n, and due to theorem 1, G1 ∈ N .
Consider a proper edge colouring α of the graph G1 defined as follows:
α
((
x
(k)
p , x
(1)
q
))
= p+ q − 1 for p = 1, 2, . . . , n and q = 1, 2, . . . , n.
It is not hard to check that α is an interval (2n− 1)-colouring of the graph
G1.
Define an edge colouring β of the graph G in the following way:
1) β
((
x
(k)
p , x
(1)
q
)
, G
)
= α
((
x
(k)
p , x
(1)
q
)
, G1
)
for p = 1, 2, . . . , n and q = 1, 2, . . . , n;
2) for i = 1, 2, . . . , k2 − 1 and p = 1, 2, . . . , n, q = 1, 2, . . . , n
β
((
x
(i)
p , x
(i+1)
q
)
, G
)
= β
((
x
(k−i)
p , x
(k−i+1)
q
)
, G
)
= α
((
x
(k)
p , x
(1)
q
)
, G1
)
+ i ·n;
3) β
((
x
( k
2
)
p , x
( k
2
+1)
q
)
, G
)
= α
((
x
(k)
p , x
(1)
q
)
, G1
)
+ n·k2
for p = 1, 2, . . . , n and q = 1, 2, . . . , n.
Let us show that β is an interval
(
2n+ n·k2 − 1
)
-colouring of the graph G.
First of all note that for i, 1 ≤ i ≤ 2n− 1 there is an edge ei ∈ E(G) such
that β(ei) = i.
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Now let us show that for j, 2n ≤ j ≤ 2n+ n·k2 −1 there is an edge ej ∈ E(G)
with β(ej) = j.
Consider the vertices x
(2)
n , x
(3)
n , ..., x
( k
2
)
n . The definition of β implies that
k
2⋃
i=2
S
(
x
(i)
n , β
)
=
{
2n, 2n+ 1, ..., 2n+ n·k2 − 1
}
.
This proves that for j, 2n ≤ j ≤ 2n + n·k2 − 1 there is an edge ej ∈ E(G)
with β(ej) = j.
Let us show that the edges that are incident to a vertex v ∈ V (G) are
colored by 2n consecutive colors.
Let x
(i)
j ∈ V (G), 1 ≤ i ≤ k, 1 ≤ j ≤ n.
Case 1: i = 1, 1 ≤ j ≤ n.
The definition of β implies that:
S
(
x
(1)
j , β
)
=
(
n⋃
l=1
β
((
x
(k)
l , x
(1)
j
)))⋃( n⋃
m=1
β
((
x
(1)
j , x
(2)
m
)))
=
=
(
n⋃
l=1
α
((
x
(k)
l , x
(1)
j
)
, G1
))⋃( n⋃
m=1
(
α
((
x
(k)
j , x
(1)
m
)
, G1
)
+ n
))
=
= {j, j + 1, ..., j + n− 1} ∪ {j + n, j + n+ 1, ..., j + 2n− 1} =
{j, j + 1, ..., j + 2n− 1}.
Case 2: 2 ≤ i ≤ k − 1, 1 ≤ j ≤ n.
The definition of β implies that:
S
(
x
(i)
j , β
)
=
(
n⋃
l=1
β
((
x
(i−1)
l , x
(i)
j
)))⋃( n⋃
m=1
β
((
x
(i)
j , x
(i+1)
m
)))
=
=(
n⋃
l=1
(
α
((
x
(k)
l , x
(1)
j
)
, G1
)
+ (i− 1) · n
))⋃( n⋃
m=1
(
α
((
x
(k)
j , x
(1)
m
)
, G1
)
+ i · n
))
=
= {j + (i− 1) · n, ..., j + i · n− 1} ∪ {j + i · n, ..., j + (i+ 1) · n− 1} =
= {j + (i − 1) · n, ..., j + (i+ 1) · n− 1}.
Case 3: i = k, 1 ≤ j ≤ n.
The definition of β implies that:
S
(
x
(k)
j , β
)
=
(
n⋃
l=1
β
((
x
(k−1)
l , x
(k)
j
)))⋃( n⋃
m=1
β
((
x
(k)
j , x
(1)
m
)))
=
=
(
n⋃
l=1
(
α
((
x
(k)
l , x
(1)
j
)
, G1
)
+ n
))⋃( n⋃
m=1
α
((
x
(k)
j , x
(1)
m
)
, G1
))
=
= {j + n, j + n+ 1, ..., j + 2n− 1} ∪ {j, j + 1, ..., j + n− 1} =
{j, j + 1, ..., j + 2n− 1}.
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Theorem 2 is proved.
Corollary 3. If G ∈ R(n, k), k-is even and 2n ≤ t ≤ 2n + n·k2 − 1, then
G ∈ Nt.
Let us note that if G ∈ R(n, 4), then the lower bound of the proved theorem
is the exact value of W (G), that is W (G) = 4n− 1.
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